An iterative sequence for quasi-φ-asymptotically nonexpansive multivalued mapping for modifying Halpern's iterations is introduced. Under suitable conditions, some strong convergence theorems are proved. The results presented in the paper improve and extend the corresponding results in the work by Chang et al. 2011 .
Introduction
Throughout this paper, we denote by N and R the sets of positive integers and real numbers, respectively. Let D be a nonempty closed subset of a real Banach space X. Many problems in nonlinear analysis can be reformulated as a problem of finding a fixed point of a nonexpansive mapping. In 1953, Mann 4 introduced the following iterative sequence {x n }:
where the initial guess x 1 ∈ D is arbitrary, and {α n } is a real sequence in 0, 1 . It is known that under appropriate settings the sequence {x n } converges weakly to a fixed point of T . However, even in a Hilbert space, Mann iteration may fail to converge strongly 5 . Some attempts to construct iteration method guaranteeing the strong convergence have been made. For example, Halpern 6 proposed the following so-called Halpern iteration:
where u, x 1 ∈ D are arbitrary given and {α n } is a real sequence in 0, 1 . Another approach was proposed by Nakajo and Takahashi 7 . They generated a sequence as follows: 
Preliminaries
In the sequel, we denote the strong convergence and weak convergence of the sequence {x n } by x n → x and x n x, respectively. 
Remark 2.2. If H is a real Hilbert space, then φ x, y x − y 2 and Π D is the metric projection Next, we present an example of relatively nonexpansive multivalued mapping.
Example 2.5 see 13 . Let X be a smooth, strictly convex, and reflexive Banach space, let D be a nonempty closed and convex subset of X, and let f : D × D → R be a bifunction satisfying the conditions: A1 f x, x 0, for all x ∈ D; A2 f x, y f y, x ≤ 0, for all x, y ∈ D; A3 lim t → 0 f tz 1 − t x, y ≤ f x, y , for each x, y, z ∈ D; A4 the function y → f x, y is convex and lower semicontinuous, for each x ∈ D. The "so-called" equilibrium problem for f is to find a x * ∈ D such that f x * , y ≥ 0, for all y ∈ D. The set of its solutions is denoted by EP f .
Let r > 0, x ∈ X and define mapping T r : X → D as follows:
then 1 T r is single-valued, and so {z} T r x ; 2 T r is a relatively nonexpansive mapping, therefore it is a closed and quasi-φ-nonexpansive mapping; 3 F T r EP f . 
3 A multivalued mapping T : D → CB D is said to be totally quasi-φ-asymptotically nonexpansive, if F T / ∅, and there exist nonnegative real sequences {v n }, {μ n } with v n , μ n → 0 as n → ∞ and a strictly increasing continuous function ζ : R → R with ζ 0 0 such that
Remark 2.7. From the definitions, it is obvious that a relatively nonexpansive multivalued mapping is a quasi-φ-nonexpansive multivalued mapping, and a quasi-φ-nonexpansive multivalued mapping is a quasi-φ-asymptotically nonexpansive multivalued mapping, but the converse is not true.
Lemma 2.8. Let X be a real uniformly smooth and strictly convex Banach space with Kadec-Klee property, and let D be a nonempty closed and convex subset of X.
Let {x n } and {y n } be two sequences in D such that x n → p and φ x n , y n → 0, where φ is the function defined by 1.4 , then y n → p.
Proof.
For φ x n , y n → 0, we have x n − y n 2 → 0. This implies that y n → p and so
Jy n → Jp . Since D is uniformly smooth, X * is reflexive and JX X * , therefore, there exist a subsequence {Jy n i } ⊂ {Jy n } and a point x ∈ X such that Jy n i Jx. Because the norm · is weakly lower semi continuous, we have 0 lim 
2.5
This implies that p q. So y n → p. The conclusion of Lemma 2.8 is proved. 
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Proof. Let {x n } be a sequence in F T , such that x n → x * . Since T is quasi-φ-asymptotically nonexpansive multivalued mapping, we have
for all z ∈ Tx * and for all n ∈ N. Therefore,
By Lemma 2.1, we obtain z x * , Hence, Tx * {x * }. So, we have x * ∈ F T . This implies that F T is closed.
Let p, q ∈ F T and t ∈ 0, 1 , and put w tp 1 − t q. we prove that w ∈ F T . Indeed, in view of the definition of φ, let z n ∈ T n w, we have
2.8
Since
2.9
Substituting 2.8 into 2.9 and simplifying it, we have
Hence, we have z n → w. This implies that z n 1 ∈ TT n w → w. Since T is closed, we have Tw {w}, that is, w ∈ F T . This completes the proof of Lemma 2.9. 
Main Results
y n J −1 α n Jx 1 1 − α n Jz n , z n ∈ T n x n , D n 1 z ∈ D n : φ z, y n ≤ α n φ z, x 1 1 − α n φ z, x n ξ n , x n 1 Π D n 1 x 1 n 1,D n 1 z ∈ D n : φ z, y n ≤ α n φ z, x 1 1 − α n φ z, x n ξ n z ∈ D : φ z,
3.3
This shows that u ∈ F T ⊂ D n 1 and so F T ⊂ D n . III Now, we prove that {x n } converges strongly to some point p * . In fact, since x n Π D n x 1 , from Lemma 2.1 c , we have x n − y, Jx 1 − Jx n ≥ 0, ∀y ∈ D n .
3.4
